Given an uncountable, compact metric space, we show that there exists no reproducing kernel Hilbert space that contains the space of all continuous functions on this compact space.
f |Xm = f . Since X * is compact,f is bounded, and hence f is bounded. Consequently, we can equip C uc (X m ) with the supremums-norm · ∞ , and we then easily conclude that this extension operation gives an isometric linear operator
Moreover, the compactness of X * ensures that every f ∈ C(X * ) is uniformly continuous, and hence this extension operator is actually an isometric isomorphism. In particular, C uc (X m ) is a Banach space. By either a double application of [6, III.D.19] together with dim C([0, 1]) = ∞, or a direct construction using tent functions centered on finer and finer packings of X * , we further observe that the fact that X * is uncountable implies dim C(X * ) = ∞.
Let us now recall from e.g. [1, p. 351 ] that the RKHS of the restricted kernel k m := k |Xm×Xm is given by
Our next goal is to show C uc (X m ) ⊂ H m . To this end, we fix an f ∈ C uc (X m ). Since X * is, as a metric space, a normal space, see e.g. [3, Thm. 2.6.1], Tietze's extension theorem, see e.g. [3, Thm. 2.6.4], then gives a g ∈ C(X) with g |X * =f . By our initial assumption C(X) ⊂ H we then have g ∈ H, and hence we find the desired f =f |Xm = g |Xm ∈ H m . Now recall that we have already seen that C uc (X m ) is a Banach space. A simple application of the closed graph theorem then shows that the inclusion map id : C uc (X m ) → H m is continuous. For the constant K := id : C uc (X m ) → H m < ∞ we thus have f Hm ≤ K f ∞ for all f ∈ C uc (X m ).
By combining all these estimates we now conclude that for all f ∈ C(X * ) we have
Finally, to show that these inequalities lead to a contradiction, we fix a Rademacher sequence, i.e. a sequence of i.i.d. R-valued random variables (ε i ) i≥1 on some probability space (Ω, A, P ) such that P ({ε i = −1}) = P ({ε i = 1}) = 1/2 for all i ≥ 1. For n ≥ 1 and arbitrary f 1 , . . . , f n ∈ C(X * ) we then find by [2, Cor. 11 .8] that
Consequently, C(X * ) is a type 2 space, but this contradicts [2, Cor. 11.7] in combination with [2, Thm. 3.2] and dim C(X * ) = ∞.
